Phase-eld systems as mathematical models for phase transitions have drawn a considerable interest in recent years. However, while they are capable of capturing many of the experimentally observed phenomena, they are only of restricted value in modelling hysteresis e ects occuring during phase transition processes. To overcome this shortcoming of existing phase-eld theories, the authors recently proposed a new approach to phase-eld models which is based on the mathematical theory of hysteresis operators developed in the past fteen years. Well-posedness and thermodynamic consistency were proved for a phase-eld system with hysteresis which is closely related to the model advanced by Caginalp in a series of papers. In this note the more di cult case of a phase-eld system of Penrose-Fife type with hysteresis is investigated. Under slightly more restrictive assumptions than in the Caginalp case it is shown that the system is well-posed and thermodynamically consistent.
Introduction
The theory of hysteresis operators developed in the past fteen years (let us at least refer to the monographs 13], 19], 25], 4], 14] devoted to this subject) has proved to be a powerful tool for solving mathematical problems in various branches of applications such as solid mechanics, material fatigue, ferromagnetism, phase transitions, and many others. In this paper we propose an approach using hysteresis operators to classical phase-eld models for phase transitions and their generalizations. For the reader's convenience, let us recall the motivation that we explained already in the previous paper 15] . In nature, many phase transitions are accompanied by hysteresis e ects (rather they are driving mechanisms behind their occurence). On the other hand, the nonconvex free energy functionals (typically, double-well potentials) usually considered in phase-eld models may induce hysteresis e ects by themselves (cf., for instance, Chapter 4 in 4]); however, they are by far too simplistic to give a correct account of the complicated loopings due to the storage and deletion of internal memory that are observed in thermoplastic materials or ferromagnets. An additional motivation comes from the fact that hysteresis operators also arise quite naturally already in simple classical phase-eld models. To demonstrate this, let us consider the well-known model for melting and solidi cation which is usually referred to as the relaxed Stefan problem with undercooling and overheating (see 9] , 23], 24], for instance). To x things, suppose that the phase transition takes place in some open and bounded container IR N during the time period 0; T ] , where T > 0 is some nal time. Then the mathematical problem consists in nding real-valued functions = (x; t) (absolute temperature) and = (x; t) (phase fraction, the order parameter of the phase transition) in ]0; T . The function is allowed to take values only in the interval 0; 1] , where = 1 corresponds to the liquid phase, = 0 to the solid phase and 2 ]0; 1 to the mushy region. The evolution of the system is governed by the balance of internal energy U t = ?div q + ; (1.1) where U = U( ; ) is the internal energy, q is the heat ux which we assume here to obey Fourier's law q = ? r Here I is the indicator function of the interval 0; 1] and L (latent heat), c (melting temperature), c V (speci c heat) and < L (limit of undercooling/overheating) are positive constants (see Fig. 1 (1.10) or, equivalently (see Fig. 2 It is easy to see that every solution ( ; ) of (1.1), (1.2), (1.6) (1.9), (1.11) for which (1.12) according to (1.11 The hysteretic input-output behaviour of the stop operator is illustrated in Fig. 3 . Along the upper (lower) threshold line = 1 , ( = 0 ), the process is irreversible and can only move to the right (to the left, respectively), while in between, motions in both directions are admissible. This is similar to Prandtl's model of perfect elastoplasticity, where the horizontal parts of the diagram correspond to plastic yielding and the intermediate lines We thus obtain in a natural way a system of equations for an order parameter w and the absolute temperature involving hysteresis operators. 
where n(x) is the unit outward normal to @ at the point x 2 @ . This simple boundary condition has been chosen in order to make the method of hysteresis operators more transparent, which is our main goal here. We assume that T > 0 ; > 0 are given numbers and that IR N is a given bounded domain with a lipschitzian boundary. We now formulate precisely the assumptions on the mappings f 1 Also here, the condition (1.5) follows from (2.14) provided is positive. Indeed, if we de ne the internal energy U = U w; ] := + 
3 An auxiliary equation
Instead of (2.1), we rst consider the ordinary di erential equation _ w(t) + %(t) f 1 w](t) + f 2 w](t) = 0 ; w(0) = w 0 ; (3.1) where the dot denotes the derivative with respect to t and % is a given function of t. We omit the proof of the following two lemmas which are just special cases of Lemmas 3. is satis ed almost everywhere, together with the initial and boundary conditions (2.3), (2.4).
Note that equation (4.7) does not have the general form considered by Visintin 25] , since the operator V is not piecewise monotone. We now show that the additional hypothesis (H3) ensures that the solution from the above theorem satis es also the original system where we used the estimates (2.8), (2.19), (4.5) .
To obtain the assertion, it remains to integrate (4.16) from 0 to t and to apply a standard Gronwall-type argument.
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